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Digital Image Processing

Lecture # 11
Frequency Domain Image Analysis



Image Enhancement in 
Frequency Domain
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Joseph Fourier (1768 – 1830)

– Most famous for his work “La 
Théorie Analitique de la Chaleur”
published in 1822

– Translated into English in 1878: 
“The Analytic Theory of Heat”

Nobody paid much attention when the work was first published
One of the most important mathematical theories in modern engineering



Background

• Any function that periodically repeats itself can 
be expressed as the sum of sines and/or cosines 
of different frequencies, each multiplied by a 
different coefficient (Fourier series).

• Even functions that are not periodic (but whose 
area under the curve is finite) can be expressed 
as the integral of sines and/or cosines multiplied 
by a weighting function (Fourier transform).
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The big idea …

=

Any function that periodically repeats itself can be expressed as a sum of sines and 
cosines of different frequencies each multiplied by a different coefficient – a Fourier 
series
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The big idea…

Approximating a square wave as the sum of 
sine waves



Frequencies in Images
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Frequencies in Images



Basic 2D FT



2D FT



Example





Example





Example





2D Sampling



2D Sampling



2D Sampling



2D Sampling



Over Sampling



Over Sampling



Under Sampling



Under Sampling



2D Nyquist Theorem



2D Nyquist Theorem



Sampling in the Frequency



Sampling in the Frequency



Sampling in the Frequency



Sampling in the Frequency



Sampling in the Frequency



Sampling in the Frequency



Sampling in the Frequency



2D FT to 2D DFT
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The Discrete Fourier Transform (DFT)

The Discrete Fourier Transform of f(x, y), for x = 0, 1, 
2…M-1 and y = 0,1,2…N-1, denoted by F(u, v), is 
given by the equation:

for u = 0, 1, 2…M-1 and v = 0, 1, 2…N-1.
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DFT & Images

DFT

Scanning electron microscope 

image of an integrated circuit 

magnified ~2500 times

Fourier spectrum of the image
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The Inverse DFT

It is really important to note that the Fourier 
transform is completely reversible

The inverse DFT is given by:

for x = 0, 1, 2…M-1 and y = 0, 1, 2…N-1
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Frequencies in Images



DFT



Centered DFT
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The DFT and Image Processing

To filter an image in the frequency domain:
1. Compute F(u,v) the DFT of the image
2. Multiply F(u,v) by a filter function H(u,v)
3. Compute the inverse DFT of the result



Convolution



Filtering In frequency Domain



2D Circular Convolution



2D Linear Convolution



2D Linear & Circular Convolution



Spatial Aliasing



Spatial Aliasing





Spatial Aliasing



DFT for Filtering



DFT for Filtering



DFT for Filtering



DFT for Filtering



DFT for Filtering



DFT for Filtering



Down Sampling



Down Sampling



Down Sampling



Down Sampling



Down Sampling Example



Up Sampling



Up Sampling



Up Sampling



Up Sampling



Up Sampling



Up Sampling Example



Up Sampling Example



Up Sampling Example



Up Sampling Example



Up Sampling Example



Up Sampling Example



Up Sampling Example



Up Sampling Example
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Some Basic Frequency Domain Filters

Low Pass Filter

High Pass Filter
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Ideal Low Pass Filter

Simply cut off all high frequency components that 
are a specified distance D0 from the origin
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Ideal Low Pass Filter (cont…)



Results of ILPF



Spatial representation of ILPF



Butterworth LPF



Results of 
Butterworth LPF



Spatial representation of 
butterworth LPF



Gaussian LPF



Results of  Gaussian 
LPF



Applications of LPFs



Applications of LPFs



Applications of LPFs



LPF Summary



Highpass Filter (HPFs)



Spatial representation of IHPF



Results of IHPF



Results of BHPF



Results of GHPF



Applications of HPFs



Applications of HPFs



Applications of HPFs



Summary of HPFs



Bandreject Filters



Bandreject and bandpass Filters



Summary of Bandreject Filters



Noise Removal using Frequency 
Filters



Noise Removal using Bandreject
Filters



Noise Pattern



Notch Filters



Application of Notch Filter



Noise Removal using Frequency  
Filtering



Noise Removal using Frequency  
Filtering



Noise Removal using Frequency  
Filtering



Spectral Texture Analysis
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Spectral techniques: Fourier 
transform

• Suitable to detect directionality of periodic and almost periodic 2-
D patterns in an image

• Periodic texture patterns are easily detectable by concentration of 
high energy burst in the spectrum

• Features of Fourier spectrum for texture representation are:

– Prominent peaks in the spectrum give the principal direction of 
texture patterns

– The location of peaks give the frequency and thus the scale of 
repetition of a pattern

• Eliminating any periodic components via filtering leaves non-
periodic image elements which can be described by statistical 
techniques
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Spectral techniques: Fourier 
transform

• Simplified by expressing the spectrum in polar coordinates to yield a 
function S(r, q) where S is the spectrum function and r and q are the polar 
coordinates.

For each direction q , S(r, q) = a 1-D function Sq (r)  

For each frequency r , S(r, q) = a 1-D function Sr (q)

• Analyzing Sq (r) for a fixed q , gives the distance from the origin and thus 
the scale of repetition of a texture pattern.

• Analyzing Sr (q) for a fixed r, gives the direction and thus the orientation of 
the periodic texture pattern.

• To measure this analysis, we define two quantities

These quantities measure the spectral response and give the dominant 
directions and scales of periodic texture patterns.    
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Spectral techniques: Fourier transform 
(example)

Image showing 

periodic 

texture Spectrum

Plot of 

S(r)

Plot of 

S(q)
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Spectral techniques: Fourier transform 
(example)

Another image showing 

periodic texture
Plot of S(q)







Readings from Book (3rd Edn.) 

• Frequency Filters (Chapter-4)
• Noise Removal using Frequency Filters 

(Chapter-5)
• Spectral Texture (Chapter-11)
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